We study the residues of Λ Q -type baryons (Λ Q and Ξ A Q ) (Q = b, c) and
I. INTRODUCTION
The residues of baryons are important parameters in studying their hadronic properties, for example, in QCD sum rules, the residues are needed as one of the main inputs for further calculating decay constants and coupling constants of baryons [1] [2] [3] . In this paper, we will present the calculations of the residues for Λ Q -type ( Q [4, 5] . In the heavy quark effective theory (HQET), baryons are categorized based on the angular momentum and parity (j P ) of the light part. For the ground states of heavy baryons, j P of the light part can be either 0 + or 1 + , which naturally gives the Λ Q -type and Σ Q -type baryons, respectively. Furthermore, after adding the heavy quark in these baryons, j P = , Ω * Q ) can be obtained. The properties of baryons which contain a single heavy quark can be simplified due to fact that the mass (or the flavor) and spin of the heavy quark become irrelevant to the leading order in 1/m Q expansion. Since the light part has good spin and isospin numbers, these baryons can be investigated in the quark-diquark picture [1, 4, [6] [7] [8] [9] [10] . The residues of baryons were mainly investigated with the method of QCD sum rules during the past few decades [2, 3, [11] [12] [13] [14] . The constructed baryonic currents employed in QCD sum rules are not based on the quark-diquark model, which can be seen from the dimension of the residues [12] . In this work, we will construct the baryonic currents for Λ Q -type and Σ Q -type baryons respectively. Then the Bethe-Salpeter (BS) equation will be employed to calculate the residues of Λ Q -type and Σ Q -type baryons in the quark-diquark picture in the heavy quark limit m Q → ∞. These residues reflect the inner structures of heavy baryons in the quark-diquark picture.
In order to obtain further prospects of Λ Q -type and Σ Q -type baryons for experimental study and future colliders, it is important to have accurate predictions for the production rates of heavy baryons, and that is where we will need the residues of these baryons. In
Refs. [15, 16] , the authors established the connection between the baryonic current in the quark-diquark model and the scattering amplitude of a diquark and a heavy quark to a heavy baryon Ω Q Q Q , where baryons containing a heavy scalar diquark and a heavy quark were considered. In our work, we will study the baryons containing one heavy quark and a light diquark. Following the formalism in Ref. [16] , the production amplitude of Ω q 1 q 2 Q from a scalar diquark D and a heavy quark Q is (see Fig. 1 , q 1 and q 2 are light quarks which compose of the diquark D)
where J is the baryonic current, q is the momentum transfer (q = k − k ), g s is the strong coupling constant, and F S is the form factor of the diquark which is introduced to describe the interaction between the diquark and the gluon [16] . It can be seen from Eq. (1) that the residue of the baryon, which is related to the matrix element Ω q 1 q 2 Q |J|0 , is needed in the calculation. Conversely, although there has been no direct experimental measurement of the residues for Λ Q -type and Σ Q -type baryons, one can make use of the relation between the residue in the quark-diquark model and the scattering amplitude for the production of the heavy baryon in Eq.
(1) to obtain the values of the residues of heavy baryons from experimental data. Obviously, the residues of heavy baryons can also be used to calculate fragmentation functions of heavy baryons.
The example of the production of Ω q 1 q 2 Q from a scalar diquark D(q 1 q 2 ) and a heavy quark Q through the exchange of the gluon g [16] .
The BS equations for the Λ Q -type and the Σ Q -type baryons have been established in the quark-diquark picture in the leading order of the 1/m Q expansion [4, 5] . They were applied to study the properties of the Λ Q -type and the Σ Q -type baryons, and theoretical predictions were found to be consistent with the available experimental data [10, 17] . The kernel for the BS equation is motivated by the potential model, which consists of the scalar confinement and the one gluon exchange terms [4, 10, [17] [18] [19] [20] . We will construct the formalism for the residue calculations in the BS equation approach [21] . After that, the BS equations will be solved using the covariant instantaneous approximation [18, [22] [23] [24] , and the obtained BS wave functions will be applied to calculate the residues of Λ Q , Ξ Q . This paper is organized as follows. In Sec. II, we will construct the baryonic currents for Λ Q -type and Σ Q -type baryons, and define the residues of the heavy baryons in the quarkdiquark picture. In Sec. III, the BS equations for Λ Q -type and Σ Q -type baryons will be presented under the heavy quark limit. In Sec. IV, we will give the numerical results for the BS wave functions of Λ Q -type and Σ Q -type baryons and their corresponding residues.
Finally, the summary will be given in Sec. V.
II. BARYONIC CURRENTS FOR Λ Q -TYPE AND Σ Q -TYPE BARYONS
In this section, we will present the baryonic currents for the heavy baryons. Generally, for a baryon composed of a heavy quark Q and two light quarks q 1 and q 2 , the baryonic current has the form [3, 12, 14] :
where i, j, k are the color indices, the index T indicates the transposition of the matrix, C stands for the charge conjugation matrix, τ is the matrix in the flavor space and Γ and Γ represent the light side and heavy side Dirac structures of current vertices, respectively.
Neglecting color indices and τ , the current could be abbreviated as the form
Then, the current for the Λ Q -type baryon including the scalar diquark D (q T Cγ 5 q) composed of two light quarks can be written in the following form:
where the part J + γ γ · J satisfies the relation γ · J = 0, thus has spin 3/2 corresponding to the Σ * Q -type baryon, and the other part can be written as the following form:
where J 1/2 = A · γγ 5 Q satisfies the condition γ 0 J 1/2 = J 1/2 , indicating J 1/2 has spin 1/2 and corresponds to Σ Q . The above currents can be generalized to the general frame by substituting γ 0 with v / and γ with γ
. With these substitutions, we arrive at the current:
Since A µ satisfies the condition v µ A µ = 0, we have the following form for the baryonic current of Σ Q -type baryon
Similarly, we have the following form for the current of Σ * Q -type baryon:
We can define the residues for Λ Q -type and Σ ( * )
Q -type baryons in the quark-diquark picture in the following forms:
where f Λ Q , f Σ Q and f Σ * Q are residues for Λ Q -type, Σ Q -type and Σ * Q -type baryons, respectively, u Λ Q , u Σ Q and u µ Σ * Q are their corresponding spinors. We will show later that in the leading order of HQET the residues for the spin doublet, for example, {Σ Q , Σ * Q }, are the same. In this subsection, we will take Λ Q as an example for the Λ Q -type baryons. Λ Q can be treated as the composition of a light scalar diquark and a heavy quark. As mentioned before, in this quark-diquark picture, the BS wave function for Λ Q is defined as [5] 
where P = m Λ Q v is the momentum of Λ Q , and v is its velocity, φ(x 1 ) and ψ(x 2 ) are the field operators of the scalar diquark and the heavy quark, respectively. Define
, where m Q and m D are the masses of the heavy quark and the light diquark, respectively. The BS equation in momentum space can be expressed as
where X = λ 1 x 1 + λ 2 x 2 is the coordinator of center of mass, x = x 1 − x 2 is the relative coordinator, and p is the corresponding relative momentum. Then the momentum of the heavy quark is p 1 = λ 1 P + p, and p 2 = λ 2 P − p for the light diquark.
The BS equation for Λ Q has the following form [5] :
where G(P, p, q) is the kernel which includes the one gluon exchange term and the confinement term [4, 18] ,
where the first term corresponds to the scalar confinement while the second term is from the one gluon exchange diagram, and the vertex describing the interaction between the gluon and two scalar diquarks is (p 2 + p 2 ) µ F (Q 2 ) with F (Q 2 ) the form factor due to the structure of the scalar diquark.
It has been shown that in the leading order of 1/m Q expansion we only need one scalar function, f P (p), to describe the BS wave function of Λ Q [5] . f P (p) has the following relation with χ P (p):
where u Λ Q is the Dirac spinor of Λ Q and f P (p) is the scalar function of p l and p 2 t , which are defined as
Substituting the explicit forms of propagators of the scalar diquark and the heavy quark into Eq. (15), and completing the integral
, we obtain the following equation for the scalar function f P (p t )(= dq l 2π f P (p)):
where
instantaneous approximation is applied in obtaining Eq. (18) . Meanwhile, we have the explicit forms for V 1 ,
and V 2 combining the form factor
[28],
where κ and α sef f are coupling parameters related to the confinement and one gluon exchange interactions, and µ is introduced to avoid the infrared divergence in numerical calculations, we will apply the limit µ → 0 in the end. Q 2 0 is a parameter which is used to freeze F (Q 2 ) when Q 2 is small. From the analysis of the electromagnetic form factor for proton, Q 2 0 was found to be consistent with the experiment data when
From the fact that the Isgur-Wise function is normalized to one at the zero recoil point, we can determine the normalization constant for Λ Q [5] . In the heavy quark limit, the Isgur-Wise
which has the following relation with the BS wave function of Λ Q [5] :
where v and v are the velocities of Λ b and Λ c , respectively. Then, we have
B. The BS equations for Σ Q -type baryons
In this subsection, we will take Σ ( * )
Q is regarded as a bound state of an axial-vector diquark A µ and a heavy quark ψ Q . We can use B µ = u Q µ to represent the heavy baryon state, where u Q stands for the Dirac spinor of Q, and µ is the polarization vector of A µ . The state B µ could be split into spin-1/2 and spin-3/2 degenerate states in the heavy quark limit corresponding to Σ Q and Σ * Q , respectively [4, 26, 29, 30] . According to Refs. [29] [30] [31] , the doublet {Σ Q , Σ * Q } could be represented by B 
where v is the velocity of Σ ( * ) Q , u(v) is the Dirac spinor and u µ (v) is the Rarita-Schwinger vector spinor [26] . Besides, B m µ (v) satisfies the conditions [4] :
The BS wave function of Σ ( * )
Q is defined as
Define
, where m Q and m A denote the masses of the heavy quark and the axial-vector diquark, respectively. Then, Σ ( * ) Q follows the similar BS equation to Λ Q :
where χ 
where A, C and D are Lorentz scalar functions. After substituting the explicit forms of the propagators and the kernel G ρν (P, p, q) into Eq. (27), we obtain three coupled integral equations,
where w p = m 
where ξ(1) is the Isgur-Wise function for Σ ( * )
Q at the zero recoil point. Meanwhile, the above transition matrix can be expressed with the BS wave function of Σ ( * ) Q as the following:
substituting Eq. (33) into (32), we arrive at
where h i (|p t |)(i = 1, 2, 3, 4) are of the forms:
where F i (i = 1, 2, 3, 4, 5) are functions of |p t | and |q t |, the explicit forms of which can be found in Ref. [4] , β = α In this section, we will solve the BS equations numerically and then apply the results to calculate the residues of Λ Q -type and Σ Q -type baryons, which are defined in Eqs. (10)- (12) .
To solve Eq. (18) and the three coupled integral equations (29), (30) and (31) numerically, we have to discretize the integration regions into n pieces with n being sufficiently large. Then the equations become eigenvalue equations and can be solved with Gaussian integration method.
There are several parameters in our model for Λ Q -type and Σ Q -type baryons: α sef f , κ, On top of that, the parameter µ, which is introuduced here to cancel the infrared divergence, will be taken to approach 0 in the end of calculations.
For the masses of Λ Q -type and Σ Q -type baryons, we have the following expressions in the leading order of 1/m Q expansion: Q [34] . In Table I from the data in Table I , once the parameters m D and Q 2 0 are fixed, α sef f for Λ Q will undergo some notable change with the increase of κ, and for each κ, α sef f also increases as m D increases. When the confinement parameter κ is relatively small, the value of m D will impose bigger influence on α sef f . On top of that, we also find that when κ and the mass for diqaurk we choose are small enough, there will not be numerical solution for the BS wave function of Λ Q , which suggests the value of m D should be at least 0.60 GeV. In general, α sef f in Ξ A Q follows a similar pattern to the change of α sef f in Λ Q , but the increase in α sef f for Ξ A Q as κ increases is relatively small compared to the case in Λ Q when the mass of diquark is small.
For the case of Σ Q -type baryons, we have to solve three coupled integral equations (29), (30) and (31) to obtain the numerical solution of A(p 2 t ), C(p 2 t ) and D(p 2 t ). After discretization, these three equations can be changed to three matrix equations,
where Z i , R i and T i (i = 1, 2, 3) are n × n matrices. With the help of Eqs. (42) and (43), C and D can be eliminated from Eq. (41). Thus, we can solve the wave function A first and then we can obtain C and D by using the same technique. In Table III , we give the values
Q in the ranges of the parameters in our model. As it is shown in Table III that there appear small changes in the values of α sef f as κ varies. We find no numerical solutions for α sef f when the mass of the axial-vector diquark is 1.10 GeV, which suggests that the maximum value for the mass of the light axial-vector diquark in Σ ( * ) Q should be below 1.10 GeV, and we find the maximum mass value for m A allowed in our model is 1.06 GeV. The values of α sef f are given in Table IV and V for Ξ Q S( * ) and Ω ( * )
Q respectively, where we can see that α sef f for Ξ
S( * ) Q
and Ω ( * ) Q increases with the increase in κ and the mass of diquark. Generally, the changes of α sef f in these three baryons (Σ In Fig. 2 , we plot the BS wave function for Λ Q -type baryons with respect to |p t |. It can be seen from these curves that the shapes of all these BS wave functions are similar, and functions for Λ Q -type and Σ Q -type baryons as follows:
Explicitly, the residues of Λ Q -type baryons can be expressed as (take Λ Q as the example)
For Σ Q -type baryons, we have B
Eq. (45), we arrive at
since the Dirac spinor u Σ Q satisfies the condition: v /u Σ Q = u Σ Q , and
stands for a function of |p| 2 ), we have Finally, completing the integral dp l 2π in (48) and integrating θ and φ in the spherical coordinate system, one immediately obtains
For Σ * Q -type baryons, it can be shown that in the leading order of HQET, we have (take Σ * Q as the example)
substituting the explicit form of J Σ * Q into Eq. (50) and multiplying √ 3p tµ on both sides of it, we have
following the same routine used in the calculation of f Σ Q , we obtain
so the residues of Σ * Q -type baryons are the same as those of Σ Q -type baryons, which is consistent with the heavy quark symmetry.
In Table VI, Generally, the parameters in our model can be determined through the comparison between theoretical predictions and experimental data for Λ Q -type or Σ Q -type baryons.
In Refs. [4, 5, 10, 35, 36] , some phenomenological predictions for Λ Q -type and Σ Q -type baryons such as semileptonic, nonleptonic and strong decay widths are given in the BS equation approach. Furthermore, because the heavy quark is not infinite in reality, the 1/m Q corrections to the BS equation for Λ Q -type baryons are analyzed in Ref. [35] to obtain more accurate predictions. From the analysis of Refs. [4, 5, 10, 35, 36] , we find the uncertainties of the predictions caused by the parameter κ are bigger than those of the diquark mass.
However, from the predictions for the residues of Λ Q -type and Σ Q -type baryons, we find the uncertainties from the mass of diquark (m D and m A ) are larger than those of κ.
V. SUMMARY AND DISCUSSION
The residues of Λ Q -type baryons (Λ Q and Ξ Q ) are interesting quantities both theoretically and experimentally, since they play an important role in calculating the production amplitudes of heavy baryons and can be used to calculate fragmentation functions of heavy baryons. In this work, we constructed the baryonic currents for Λ Q -type and Σ Q -type baryons in the quark-diquark picture, and then defined the residues of Λ Q -type and Σ Q -type baryons in this picture. After that, we derived the relations between the residues and corresponding BS wave functions of Λ Q -type and Σ Q -type baryons. 
